Abstract. We construct an explicit bundle with flat connection on the configuration space of n points of a complex curve. This enables one to recover the 'formality' isomorphism between the Lie algebra of the prounipotent completion of the pure braid group of n points on a surface and an explicitly presented Lie algebra tg,n (Bezrukavnikov), and to extend it to a morphism from the full braid group of the surface to exp(tg,n) ⋊ Sn.
Introduction
One of the achievements of rational homotopy theory has been a collection of results on fundamental groups of (quasi-)Kähler manifolds, leading in particular to insight on the Lie algebras of their prounipotent completions ( [Su, Mo, DGMS] ; for a survey see [ABCKT] ). These results are particularly explicit in the case of configuration spaces X = Cf n (M ) of n distinct points on a manifold M ( [Kr, FM, To] ). In the particular case where M is a compact complex curve, they were made still more explicit in [Bez] (see also [Ko] for the case M = C). In these works, a 'formality' isomorphism was established between this Lie algebra, denoted Lie π 1 (X), and an explicit Lie algebrat g,n , where g is the genus of M (t n when M = C).
All these works take place in the framework of minimal model theory. However, alternative proofs are sometimes possible, based on explicit flat connections on X. Through the study of monodromy representations, such proofs allow for a deeper study of the algebra governing the formality isomorphisms, as well as for their connection to analysis and number theory.
In the case X = Cf n (C), a construction of the formality isomorphism Lie π 1 (X) ≃t n , based on a particular bundle with flat connection on X, can be extracted from [Dr] . This flat connection is at the basis of the theory of associators developed there; when certain Lie algebraic data are given, it specializes to the Knizhnik-Zamolodchikov connection ( [KZ] ). When X = Cf n (C), where C is an elliptic curve, a bundle with flat connection over X was constructed in [CEE] (see also [LR] ) and an isomorphism Lie π 1 (X) ≃t 1,n was similarly derived; this flat connection specializes to the elliptic ). The corresponding analogue of the theory of associators was later developed by the author.
The goal of the present paper is to construct a similar explicit bundle with flat connection over X = Cf n (C), C being a curve of genus ≥ 1, and to derive from there an alternative construction of the isomorphism of [Bez] . We first recall this isomorphism (Section 1). We then recall some basic notions about bundles and flat connections in Section 2, and we formulate our main result: the construction of a bundle P n over X with a flat connection α KZ (Theorem 3), in Section 3. There we also show (Theorem 4) how this result enables one to recover the isomorphism result from [Bez] , as well as to extend it to a morphism from the full braid group in genus g to exp(t g,n )⋊ S n . Section 4 contains the explicit construction of the connection α KZ . The rest of the paper is devoted to the proof of its flatness. Section 5 is a preparation to this proof, and studies the behaviour of α KZ under certain simplicial homomorphisms. Section 6 contains the main part of the proof, while Section 7 contains the proof of some algebraic results on the Lie algebras t g,n which are used in the previous section.
We hope to devote future work to applications of the present work to a theory of associators in genus g, as well as to relation with the higher genus KZB connection ( [Ber2] ).
The author would like to thank D. Calaque and P. Etingof for collaboration in [CEE] , as well as P. Humbert and G. Massuyeau for discussions.
Formality results
Let g ≥ 0 and n > 0 be integers. The pure braid group with n strands in genus g is defined as P g,n := π 1 (Cf n (S), x), where S is a compact topological surface of genus g without boundary, Cf n (S) = S n − (diagonals) is the space of configurations of n points in S, and x ∈ Cf n (S). The corresponding braid group is B g,n = π 1 (Cf [n] (S), {x}), where Cf [n] (S) = Cf n (S)/S n and {x} is the S n -orbit of x.
If g > 0 and n ≥ 0, define t g,n as the C-Lie algebra with generators Here (V, −, − ) is a symplectic vector space of dimension 2g, with symplectic basis (x a , y a ) a∈ [g] (so x a , y b = δ ab ). t g,n is equipped with a N 2 -degree given by |x i a | = (1, 0), |y i a | = (0, 1). The total degree defines a positive grading on t g,n ; we denote byt g,n the corresponding completion. Theorem 1. ( [Bez] ) There exists a morphism P g,n → exp(t g,n ), inducing an isomorphism of Lie algebras Lie(P g,n )
C ∼ →t g,n .
Here Lie Γ is the Lie algebra of the prounipotent (or Malcev) completion of a finitely generated group Γ and V C is the complexification of a (pro-)finite dimensional Q-vector space V .
The proof of [Bez] uses minimal model theory. The purpose of this paper is to reprove this result using explicit flat connections on configuration spaces.
Principal bundles and flat connections
Let X be a smooth manifold, x ∈ X, set Γ := π 1 (X, x). Let G 0 be a complex proalgebraic group, g 0 be its Lie algebra. Fix a morphism Γ ρ0 → G 0 . It gives rise to a principal G 0 -bundle P 0 → X, equipped with a flat connection ∇ 0 .
Let U be a prounipotent complex group, equipped with an action of G 0 and G := U ⋊ G 0 . Let u, g be the corresponding Lie algebras, then g = u ⋊ g 0 . These Lie algebras are equipped with decreasing filtrations
. Let (P, ∇) := (P 0 , ∇ 0 )× G0 G be the principal G-bundle with flat connection over X obtained by change of groups. The set of flat connections on this bundle is F = {α ∈ Ω 1 (X, ad P )|dα = α ∧ α}, where ad P = P × G g. The filtration of g induces a decreasing filtration ad P = (ad P ) 0 ⊃ (ad P ) 1 ⊃ · · · and we set F 1 := F ∩ Ω 1 (X, (ad P ) 1 ). Then holonomy gives rise to
In the particular case where u is graded (u =⊕ i≥1 u i , where
. We obtain in particular a map F 1 → Def(ρ 0 ). The morphism ρ associated to α expands as
Let Σ be a finite group. Let P 0 → X be a principal bundle over a smooth manifold X with underlying group G 0 . Assume that the situation is Σ-equivariant, i.e.: Σ acts by automorphisms of G 0 and X, and the action of Σ lifts to P 0 compatibly with its action on G 0 . Assume that the action of Σ on X is free, and letX := X/Γ be the smooth quotient. Then P 0 → X/Γ =X is a G 0 ⋊ Σ-bundle. An equivariant connection on P 0 → X induces a connection on P 0 →X, and therefore a morphism π 1 (X) → G 0 ⋊ Σ, such that
The set of flat connections on P 0 →X is the set of flat equivariant connections on P 0 → X, i.e., F eq = F ∩ Ω 1 (X, ad P 0 ) Σ . Let G = U ⋊ G 0 as above, and assume that Σ acts compatibly on U and G 0 , and therefore on G. Then (P, ∇) = (P 0 , ∇ 0 ) × G0 G is a Σ-equivariant G-bundle over X, and therefore a G ⋊ Σ-bundle overX = X/Σ. Set F 1,eq := F 1 ∩ F eq , then holonomy gives a map F 1,eq → Def(ρ 0 ,ρ 0 ), by which we understand the set of pairs (ρ,ρ) lifting (ρ 0 ,ρ 0 ), such that
The main results
3.1. The structure of some Lie algebras. Let g ≥ 1, n ≥ 0 be integers.
Lemma 2. Let u := ⊕ p≥0,q>0 t g,n [p, q], then there is an isomorphism t g,n ≃ u ⋊ f ⊕n g , where f g is the free Lie algebra with g generators.
g . On the other hand, the quotient
We set G 0 := exp(f ⊕n g ) and G := exp(t g,n ) ; these groups are as in Section 2. 3.2. Flat connections on configuration spaces and formality. Define
Assume that the following data is given :
• a smooth, closed complex curve C ; • a point x = (x 1 , . . . , x n ) ∈ Cf n (C) ;
• a collection of isomorphisms π 1 (C, x i ) ∼ → π g , such that the resulting isomophisms π 1 (C, x i ) → π 1 (C, x j ) are induced by a path from x i to x j .
We set X := C n − (diagonals), Γ := π 1 (X, x) as in Subsection 2. Then Γ ≃ P g,n .
where F g is the free group with generators γ a , a ∈ [g], π g → F g is the composite of the quotient morphism π g → π g /N , where N is the normal subgroup generated by the A a , a ∈ [g] and π g /N → F g ,B a → γ a is the isomorphism arising from the presentation of π g /N , and
The principal G-bundle with flat connection on X = Cf n (C) corresponding to ρ 0 (analogue of (P, ∇) in Section 2) is then i * (P n ), where i : X → C n is the inclusion and (
, where (P 0 1 → C) is the principal exp(f g )-bundle with flat connection corresponding to the above morphism
The set of flat connections of degree 1 is then
and its subset of holomorphic flat connections is
n is the diagonal corresponding to (i, j). In Subsection 4, we will show:
can be constructed as a sum
The group P g,n is the kernel of the morphism B g,n → S n . According to [Bell] , B g,n is presented by generators X a , Y a , σ i (a ∈ [g], i ∈ [n − 1]) and relations
The morphism B g,n → S n is given by X a , Y a → 1, σ i → s i := (i, i + 1). It is proved in [Bell] that P g,n is generated by
One can prove that the group with the same presentation as B g,n together with the additional relations σ
n ⋊ S n . It follows that there is a natural morphism B g,n → (π g ) n ⋊ S n , which restricts to P g,n → π a , where γ → γ (i) is the ith inclusion π g → π n g . In view of the expansion (1), the morphism ρ :
By a standard argument, we derive from Theorem 3 the formality of P g,n .
Theorem 4. (see also [Bez] ) The morphism (Lie P g,n )
C →t g,n induced by ρ is an isomorphism of filtered Lie algebras.
Proof. Recall the properties of prounipotent completion. If Γ is a finitely generated group, its prounipotent completion is a Q-group scheme Γ(−). There is a group morphism Γ → Γ(Q) universal with respect to the morphisms Γ → U (Q), where U (−) is a prounipotent Q-group scheme. In particular, ρ gives rise to a morphism Lie ρ : (Lie P g,n )
C →t g,n and induces a morphism gr Lie ρ : (gr Lie P g,n )
C → t g,n .
Let log : Γ → Lie Γ be the composed map Γ → Γ(Q) Lemma 5. There is a unique morphism t g,n → gr Lie P g,n , such that
Proof of Lemma. Setx a := log X a ∈ Lie P g,n ,ỹ a := log Y a ∈ Lie P g,n .
The morphism B n → B g,n defined by σ i → σ i restricts to a morphism P n → P g,n . The group im(B n × Sn S n−1 → B g,n ) (the inclusion is S n−1 → S 1 × S n−1 → S n ) is generated by im(P n → P g,n ) and the σ i , i ≥ 2. Relations (4) then imply that for any g ∈ im(B n × Sn S n−1 → B g,n ),
for g a Lie algebra). This implies that the classes modulo F 2 Lie P g,n of τ ixa τ
are independent of the choice of τ i ∈ im(B(i) → B g,n ), where B(i) = B n × Sn S(i) and S(i) = {σ ∈ S n |σ(1) = i}. We denote by x i a , y i a ∈ gr 1 Lie P g,n these classes. Lett 12 := log σ 2 1 ∈ Lie P g,n . Relation (7) implies thatt 12 ∈ F 2 Lie P g,n . We denote by t 12 the class oft 12 in gr 2 Lie P g,n . The group im(B n × Sn (S 2 × S n−2 ) → B g,n ) is generated by im(P n → B g,n ) and σ 1 , σ 3 , . . . , σ n−1 . Then relations (3) imply that for any i = j, the class of
and S(i, j) = {σ ∈ S n |σ({1, 2}) = {i, j}}. We denote by t ij ∈ gr 2 Lie P g,n this class.
Relation (3) 
, which yields by taking logarithms and classes modulo All this implies that there is a unique morphism t g,n → gr Lie P g,n , such that
End of proof of Theorem. There is a unique automorphism θ ∈ Aut(t g,n ), such that
a ] to themselves; as these elements generate gr Lie P g,n , this is the identity. It follows that gr Lie ρ is injective. So gr Lie ρ is a filtered isomorphism.
Using S n -equivariance, the holonomy morphism P g,n → exp(t g,n ) may be enhanced as follows.
Note that the bundle i
The 1-form α KZ is S n -equivariant, so the monodromy representation P g,n → exp(t g,n ) extends to a morhism
The undeformed versionρ 0 ofρ is constructed as follows. There exists a unique morphism
→ C be the universal cover of C, then the choice of a lift of x 0 gives rise to an isomorphism Aut p ≃ π 1 (C, x 0 ), and therefore to an isomorphism Aut p ≃ π g . LetC := C univ /N , thenC → C is a covering with group
There is a unique isomorphism
Cut out on C and with homotopy classesB 1 ,Ã 1 ,B
1 . The lifts of these loops toC are a collection of successive paths
. They cut out a fundamental domainD ⊂C, such that
for ω any meromorphic differential onC.
4.2.
Conditions on α i and its properties. Let z = (z 1 , . . . , z i−1 , z i+1 , . . . , z n ) ∈C n−1 × C n−1 Cf n−1 (C). Let z denote also the divisor z 1 + · · · + z n ofC.
Lemma 6. There exists a unique α
For X a variety and E → C × C × X a bundle, the residue is a map
and ∆ ⊂ C × C is the diagonal divisor. One similarly defines res ij :
The action of γ ∈ F g on this space, induced by its action on the jth component of C n is denoted by γ j = γ (zj) . When n = 2, one sets (z 1 , z 2 ) = (z, w).
Lemma 8. There is a unique family ω
s , such that:
Proof of Lemma. By the residue formula, the conditions on ω 
where for any open subset is independent of w, so (l.h.s. -r.h.s. of (10)) is a differential in z depending on a, a 1 , . . . , a s only, which we denote δ z aa1...as . Applying γ (z) e − 1 to both sides of (10) and using the induction hypothesis, one obtains (γ It follows from the first identity of Proposition 12 that the r.h.s. is independent on w, which justifies the chosen notation.
Proposition 7 then follows from the identities of Proposition 12, together with the identity [x i a + x j a , t ij ] = 0 (see Lemma 18).
Simplicial behavior of α KZ
Let G ⊂t g,n be the Lie subalgebra generated by the
Then t 12 ∈ Z(G). One checks using the presentation of t g,n−1 that there is a unique Lie algebra morphism t g,n−1 → G/Ct 12 , x → x 12,3,... ,n , such that for v ∈ V , (v 1 ) 12,3,...
In particular, (t 1k ) 12,... ,n = t 1,k+1 + t 2,k+1 , (t kl ) 12,... ,n = t k+1,l+1 for k, l > 1. We denote the same way the composed linear map t g,n−1 → G/Ct 12 → t g,n /Ct 12 .
When the number of marked points is n − 1, α (n−1) 1 identifies with a differential α
(1) C (∆ 12 + · · · + ∆ 1,n−1 )) ⊗t g,n−1 . Applying the above linear map, one gets a differential (α
If ω is a rational differential on C, let ω i := 1 ⊗i−1 ⊗ ω ⊗ 1 ⊗n−i be the induced rational section of
If ω is nonzero, then as the behavior of α i = α (n) i (i = 1, 2) on ∆ 12 is α i = t 12 d zi log(z i − z j ) + regular (with {i, j} = {1, 2}), 1 ω1 (ω 1 α 2 + ω 2 α 1 ) is regular at ∆ 12 . We set
which may be viewed as an element of Γ rat (C n−1 , K
(1) C ) ⊗t g,n (where Γ rat means rational sections).
α ω satisfies the identityα f ω =α ω − (d log f ) 1 t 12 , which implies that the class ofα ω modulo Ct 12 satisfies
(as ω can be chosen regular at any point of C), and that this class is independent of ω. We will prove:
Proof. Denote the two sides by u i , i = 1, 2. They have the same automorphy properties, namely γ
(u i ) for k ≥ 2. They have the same poles, res ∆ 1k u i = t 1,k+1 + t 2,k+1 for k ≥ 2. For z ∈D n−2 ⊂C n−2 , we restrict the two sides toC × {z} and show that the resulting forms α z i have the same integrals along a-cycles. Lemma 14. If k is even or 1, then (ad 
On the other hand,
for any w ∈C. Then: • 
, the contribution of the last line of (12) is
which, taking into account ψ , j) . This quantity has a simple pole at this diagonal, with residue [ where a 1 , . . . , a s ∈ [g] . Lemma 18 implies that these elements all commute with t ik , so [t ik , (α j ) |∆ ik ] = 0. In the same way, [α i , α j ] is regular at each diagonal ∆ jk (k = i, j).
Let us now prove that [α i , α j ] is regular at ∆ ij . We will assume i = 1, j = 2. Let ω be a nonzero rational differential on C. 
C ), and therefore identifies with an element
(where the degree in t g,n is given by |x
Recall thatt g,n is N-graded by |x i a | = 1. Decompose β according to this degree, so β = s≥0 β s . Let us prove by induction that β s = 0. Assume that β s ′ = 0 for s ′ < s, then
If k = i, j, the r.h.s. is constant in the kth variable. If f is a regular function onC such that (γ a − 1)f = c a , where c a are constants, then df is a univalued differential onC, i.e. an element of H 0 (C, K C ); as Aa df = 0 for any a ∈ [g], df = 0, so f is constant. It follows that β s+1 is constant w.r.t. the kth variable.
If now ω is a regular differential onC such that (γ a − 1)ω = α a , where α a are differentials, Corollary 17. α KZ ∈ F hol 1 . This proves Theorem 3. In particular, α KZ can be used for establishing the formality Theorem 1 and for constructing the extended morphism (9). 7. Postponed proofs: algebraic results on t g,n Lemma 18. The following relations hold in t g,n :
The Lie algebra t g,n therefore admits the presentation
, where the relations are:
Here L(V ) is the free Lie algebra on a vector space V and if S is a set, then L(S) := L(V ), where V = C (S) is the vector space with basis S. If the generators are given the degrees |x i a | = 0, |t ij | = |y i a | = 1, then the relations R i are homogeneous of degree i (i = 0, 1, 2). According to [JW] , the quotient L( 
This is an isomorphism of graded Lie algebras, where f ⊕n g has degree 0 and V has degree 1. It follows that there is an isomorphism of f
where (R 2 ) ⊂ L 2 (V ) is the f ⊕n g -submodule generated by R 2 . Define f ⊕n g -modules M i , M ij as follows. Set F := U (f g ); this is the free associative algebra over generators x a , a ∈ [g]. Denote also by F the left regular F -module (the action is x·f := xf ). There is a unique F -module morphism
where F ⊗2 is viewed as the left regular F ⊗2 -module. Then the F ⊗2 -module M 12 identifies with F , equipped with the action (x ⊗ y) · f := xf S(y), where S is the antipode of F , under the map
, and p ji = p ij (ε : F → C is the counit of F ). Then M i and M ij are F ⊗n -modules, and 
Proof. The quotient of V by the submodule generated by the t ij is clearly isomorphic to ⊕ i M i . For any i < j, there is a unique morphism
It remains to prove that
. Denote the map M 12 → M corresponding to (i, j) by m → m ij and the map F → M corresponding to
If j > i and m ∈ M 12 , we set m ji := (m 21 ) ij , where m → m 21 is induced by the exchange of factors of F ⊗2 . There is a unique F ⊗n -module structure over M, such that
There is a unique morphism p *
This exact sequence from Proposition 19 gives rise to a filtration 0
where the lexicographic order is implied. The submodule Y := (R 2 ) ⊂ X is then equipped with the induced filtration 0
If i < j, then for k = i, j and any c, x
where F S (i) = F is i ∈ S and C otherwise. Each of the summands is a F ⊗n -module via the natural morphisms F ⊗n → F S . Here Σ 1 , . . . , Σ 5 denote each of the summands.
We have obviously
It follows from the second inclusion that if
It follows that K is the direct sum over the pairs (i, j) of the kernels of each map corresponding to (i, j). This kernel is im(
, where the maps F ⊕g → F ⊕g are identity maps and F → F ⊕g is f → (f x 1 , . . . , f x g ). Its image in Y 1 is therefore the F {i,j} -submodule generated by all the a x Moreover,
Since
where
, the map being the sum of over i, j, k (i < j; k = i, j) of
and over i, j (i < j) of
The image of ϕ ijk is contained in M k ⊗M ij , and the image of ψ ij is contained in (M i ⊕M j )⊗M ij , therefore K ′ is the direct sum of the kernels of these maps. The map ϕ ijk is isomorphic to the tensor product ( 
(
a S(f a )) a∈ [g] . The two maps (F ⊗ F ) g → F g ⊗ F defined by these formulas are surjective, and the preimage of F diag · (x 1 , . . . , x g ) ⊗ F under each of them is (F diag ⊗ F ) · (x 1 ⊗ 1 + 1 ⊗ x 1 , . . . , x g ⊗ 1 + 1 ⊗ x g ). It follows that Ker ψ ij is the F It follows also that the two maps from (F g ⊗F )/(F diag ⊗F )·(x 1 ⊗1+1⊗x 1 , . . . , x g ⊗1+1⊗x g ) to M i ⊗M ij and M j ⊗M ij derived from (14) are isomorphisms (in particular, M i ⊗M ij and M j ⊗M ij are isomorphic). The image of ψ ij is then a diagonal submodule (M ⊗M 12 ) ij ⊂ (M i ⊕M j )⊗M ij . Then
Recall that gr 0 (X) = |{i,j,k,l}|=4;i<j;k<l;i<k 
The filtration of X induces a filtration on t g,n [2] = X/Y , whose associated graded is according to (13), (15) and (16) 
where M 123 is the F ⊗3 -module with generator ω 123 and relations (x 
L 2 (V ) → gr 2 t g,n [2] is the natural projection on α Λ 2 (M α ). It follows that the image of V i ⊗ V j → gr 2 t g,n [2] is zero, as wanted.
Let C be the category of F ⊗n -modules M equipped with a N-grading compatible with the Ngrading of F ⊗n given by |x i a | = 1, and where the morphisms are restricted to be of degree zero. This is a tensor subcategory of the category of all F ⊗n -modules. The modules M α (α ∈ [g]), M αβ (α < β ∈ [g]), M αβγ (α < β < γ ∈ [g]) are objects in C.
Let us say that the F ⊗n -module M has property (P) if the map is injective.
Lemma 22. 1) If M ⊂ N is an inclusion of F ⊗n -modules and N has (P), then M has (P).
is a sequence of inclusions of F ⊗n -modules and if each M i /M i+1 has (P ), then M has (P). 3) If M, N are objects of C and M or N has (P), then M ⊗ N has (P). 4) The modules M αβ (α < β) and M αβγ (α < β < γ) have (P).
